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Abstract 

V.I. Arnold [Russian Math. Surveys 26 (2) (1971) 29-43] con- 
structed miniversal deformations of square complex matrices under 
similarity; that is, a simple normal form to which not only a given 
square matrix A but all matrices B close to it can be reduced by sim- 
ilarity transformations that smoothly depend on the entries of B. We 
construct miniversal deformations of matrices under congruence. 
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1 Introduction 

The reduction of a matrix to its Jordan form is an unstable operation: both 
the Jordan form and a reduction transformation depend discontinuously on 
the entries of the original matrix. Therefore, if the entries of a matrix are 
known only approximately, then it is unwise to reduce it to Jordan form. 
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Furthermore, when investigating a family of matrices smoothly depending 
on parameters, then although each individual matrix can be reduced to its 
Jordan form, it is unwise to do so since in such an operation the smoothness 
relative to the parameters is lost. 

For these reasons, V.I. Arnold [I] (see also [21 E]) constructed miniversal 
deformations of matrices under similarity; that is, a simple normal form to 
which not only a given square matrix A but all matrices B close to it can be 
reduced by similarity transformations that smoothly depend on the entries 
of B. Miniversal deformations were also constructed for: 

• real matrices with respect to similarity [15] (see also [21 [3] ; this normal 
form was simplified in [IB]); 

• complex matrix pencils [12] (i.e., matrices of pairs of linear mappings 
JJ V; other normal forms of complex and real matrix pencils were 
constructed in [TSJ 125] , see also [IH] ) ; 

• complex and real contragredient matrix pencils [IB] (i.e., matrices of 
pairs of counter linear mappings U V) ; 

• matrices of selfadjoint operators on a complex or real vector space with 
scalar product given by a skew-symmetric, or symmetric, or Hermitian 
nonsingular form, see [HI 123 [30] and [U Appendix 6]; 

• matrices of linear operators on a unitary space [5]. Deformations of 
selfadjoint operators (Hermitian forms) on a unitary space are studied 
in [33]. 

All matrices that we consider are complex matrices. 

In Section[2J we formulate Theorem l2.2l that gives miniversal deformations 
of matrices of bilinear forms; i.e., miniversal deformations of matrices with 
respect to congruence transformations 

A h» S T AS, S is nonsingular 

(and hence miniversal deformations of pairs consisting of a symmetric matrix 
and a skew-symmetric matrix since each square matrix can be expressed 
uniquely as their sum; see Remark I3.ip . A more abstract form of Theorem 
I2.2[ in the spirit of Arnold's article [lj , is given in Theorem 13.11 of Section |3j 
We prove Theorem 13. II in Sections HH3 The proof is based on Lemma H~2| 
which gives a method for constructing miniversal deformations. This lemma 
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follows from a general theory of miniversal deformations. In Section [S] we give 
its constructive proof and find a congruence transformation that reduces a 
matrix to its miniversal deformation. Analogous interactive methods for 
constructing transforming matrices in the reduction to versal deformations 
of matrices under similarity and of matrix pencils under equivalence were 
developed in H3 ESJ EI] ■ 

A preliminary version of this article appeared in 2007 preprint [13]; it 
was used in [T3] for constructing the Hasse diagram of the closure ordering 
on the set of congruence classes of 3 x 3 matrices. The authors also recently 
obtained miniversal deformations of matrices of 

• sesquilinear forms [IT] (which allows to construct miniversal deforma- 
tions of pairs {H\,H2) of Hermitian matrices because each square ma- 
trix can be expressed uniquely as their sum H\ + 1H2), 

• pairs of skew-symmetric forms [Sj, and 

• pairs of symmetric forms |10j . 

2 The main theorem in terms of holomorphic 
matrix functions 



Define the nx n matrices: 



A 1 
A 







-1 .•■ 

1 1 
-1 -1 

1 1 



We use the following canonical form of complex matrices for congruence. 

Theorem 2.1 ([21]). Each square complex matrix is congruent to a direct 
sum, determined uniquely up to permutation of summands, of matrices of the 
form 



I m 
Jm(X) 



(A*o, A*(-ir +1 ), r n , J fc (0) 



(1) 



in which A e C is determined up to replacement by A 



-1 
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This canonical form was obtained in [2T] basing on [3"l"j Theorem 3] and 
was generalized to other fields in [21] ; a direct proof that this form is canonical 
was given in 

Let 



^can = ®H Pi (Xi) © ©I\ © © J ri (0), n £ r 2 > . . . , (2) 

i j i 

be the canonical form for congruence of an n x n matrix A. Then 



S T AS = A r 



(3) 



for a nonsingular 5. All matrices that are close to A are represented in the 
form A + E in which E e C nxn is close to 0„. 

Let S(E) be an n x n matrix function that is holomorphic on a neighbor- 
hood of n , which means that S(E) is an nxn matrix whose entries are power 
series in n 2 entries of E, and these series are convergent in this neighborhood 
of n . Let S(0 n ) = S in which S is from (j3J). We define the matrix function 
V(E) by 

A can + = 5(E) T (A + E)S(E). (4) 

Then T>(E) is holomorphic at n and T>(0 n ) = n . Our purpose is to find a 
simple form of T>(E) by choosing a suitable S(E). In Theorem I2.2[ we give 
T>(E) with the minimal number of nonzero entries that can be attained by 
using transformations (T4|). 

By a (0,*) matrix we mean a matrix whose entries are and *. Theorem 
12.21 involves the following (0,*) matrices, in which all stars are placed in one 
row or column: 

• The mxn matrices 



if m ^ n, or 



if m ^ n, 



if m ^ n, or 



* * 



if m ^ n, 



4 



if m € n, or 



0*0* 



if m ^ n 



(if m - n then we can use both the left and the right matrix). 
• The matrices 



/ , 0*,0*; 



0\0\0*; 



0^,0^,0^ 



are obtained from 0\0 V ,0^ by the clockwise rotation through 90°; respec- 
tively, 180°; and 270°. 
• The m x n matrices 



0* ■-- 



















or 










* ••• * 



(0* can be taken in any of these forms), and 

"0 ... 



Vn 





... * ... * 



in which m^n 



(5) 



(Vmn has 71-771-1 Stars if 777. < 77.). 

Let A ca _ n = Ax © A 2 © • • • © A t be the decomposition 
be partitioned conformably to the partition of A CSLn 



V = V(E) 



V tl 



■ V u 

■ V tt 



and let V(E) in 



(6) 



Write 



V(Ai):=V iU V(A i ,A j ):=(V ji ,V ij ) if i<j. 



(7) 



Our main result is the following theorem, which we reformulate in a more 
abstract form in Theorem 13. 11 



5 



A + E»S{E) T {A + E)S{E), 



(8) 



Theorem 2.2 Q13J). Let Abe a square complex matrix, let A can be its canon- 
ical matrix (J2J) for congruence, and let S be a nonsingular matrix such that 
S T AS = Acan. Then all matrices A + E that are sufficiently close to A can be 
simultaneously reduced by some transformation 

S(E) is nonsingular and 
holomorphic at zero, S(0) = S 

to the form A can + T> in which V is a (0,*) matrix whose stars represent 
entries that depend holomorphically on the entries of E, the number of stars 
in T> is minimal that can be achieved by transformations of the form (jSJ), and 
the blocks of V with respect to the partition ([6]) are defined in the notation 
(J7D as follows: 

(i) The diagonal blocks ofV are defined by 



V{H m {\)) 




(K 



0' 

0^ 
O 





0^ 


0^ 



if A + ±1 (all blocks are m x m), 
if X= 1 (m is even by ([1])), 
if X = -1 (m is odd by ([I])); 



(9) 



2?(r„) 



V if n is even, 
0^ if n is odd; 

V(J n (0)) = 0\ 



(10) 

(11) 



(ii) The off-diagonal blocks ofV whose horizontal and vertical strips contain 
summands of A can of the same type are defined by 



f(0, 0) 



V(H m (\), HM) 





N 





( 





0^ 







(K 


( 







( 


N 


(K 




0' 


0^ 



if\*n±\ 

if A = ir l + ±1, 
if ' A = \i + ±1, 
if\ = H = ±l; 



(12) 
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„ . „ . (0, 0) ifm-nis odd, , , 

v(r m ,r n ) = \) n J J (13) 

1(0% 0) ijm-n is even; 

T>( T (n\ T - A ^' °^ if m> n and n is even, 

I (0 + P nm , ) if n and n is odd. 

(iii) 77je off-diagonal blocks ofV whose horizontal and vertical strips contain 
summands of A can of different types are defined by 

^'^iro^O) *A = (-l)~i; (15) 

V(HM),UO))-l i0 : 0) ifnWGVen > (16) 
V V h y " 0) ifn is odd; 1 J 

„, , .. (0, 0) if n is even, , . 

V(T m ,J n (0)) = \) I ' J ' 17 

For each A e C nxn , the vector space 

T{A) ■■= {C T A + AC | C e C nxn } (18) 

is the tangent space to the congruence class of A at the point A since 

(/ + eC) T A(I + sC)=A + e(C t A + AC) + e 2 C T AC (19) 

for all C e C nx " and £ e C. 

The matrix T> from Theorem 12.21 was constructed such that 

C mn = T(A can )®V(C) (20) 

in which V(C) is the vector space of all matrices obtained from T> by replac- 
ing its stars by complex numbers. Thus, the number of stars in T> is equal to 
the codimension of the congruence class of A C!m ; it was independently calcu- 
lated in [6]. The codimensions of Congruence classes of canonical matrices 
for Congruence were calculated in [7]. Simplest miniversal deformations of 
matrix pencils and contagredient matrix pencils [18J, canonical matrices for 
Congruence |11] , and canonical pairs of skew-symmetric matrices [10] were 
constructed by analogous methods. 

Theorem \2.2\ will be proved as follows: we first prove in Lemma [4.21 that 
each (0,*) matrix that satisfies ( |20l) can be taken as T> in Theorem 12.21 and 
then verify that V from Theorem 12.21 satisfies ( 1201) . 
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Example 2.1. Let A be any 2x2 or 3x3 matrix. Then all matrices A + E that 
are sufficiently close to A can be simultaneously reduced by transformations 
(jHJ) to one of the following forms 











1 
-1 



or, respectively. 
"0 





'* o" 


+ 





1 






"o 












+ 


* 


* 


J 


"o 


f 




"o 




(A* 


A 





+ 









* 











1 
-1 

1 




-1 

-1 

1 1 



1 





* 

* * 

* 

* * 



* 

* 

* 

* * 


* 








+ 









* 




















-l" 




'* o" 


1 


1 


+ 






1 
A 

-1 

1 1 





"0 





0' 


+ 


* 


* 


* 






* 


* 




"0 





0" 


+ 














* 







"o 





0" 


+ 


* 












* 


* 



(A*0,±1), 














0" 


+ 

















* 



1 

fj. 

1 

1 0' 
1 






"0 





0" 


+ 























"0 





0" 


+ 













si- 





* 



(/x#±l), 



Each of these matrices has the form A can + V in which A caii is a direct 
sum of blocks of the form ([1]) (the zero entries outside of these blocks in A can 
are not shown) and the stars in V are complex numbers that tend to zero as 
E tends to 0. The number of stars is the smallest that can be attained by 
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using transformations flS}; it is equal to the codimension of the congruence 
class of A. 

3 The main theorem in terms of miniversal 
deformations 

The notion of a miniversal deformation of a matrix with respect similarity 
was given by Arnold [1] (see also [3j §30B]). It can be extended to matrices 
with respect to congruence as follows. 

A deformation of a matrix A e C nxn is a holomorphic map A ■ A -»■ C nxn 
in which A c C k is a neighborhood of = (0, . . . , 0) and .4(0) = 4. 

Let 4 and B be two deformations of A with the same parameter space 
C k . We consider 4 and B as egna/ if they coincide on some neighborhood of 
(this means that each deformation is a germ). We say that 4 and B are 
equivalent if the identity matrix I n possesses a deformation X such that 

B{\) =X(A) T 4(A)X(A) 

for all A = (Ai, . . . , Afc) in some neighborhood of 0. 

Definition 3.1. A deformation 4(Ai, . . . , A^) of a square matrix A is called 
versal if every deformation B(fii, . . . , Hi) of A is equivalent to a deforma- 
tion of the form A(ipi(fi), . . . , (fkifl)) in which jl = (/ii, . . . , /^), all y2j(/2) are 
power series that are convergent in a neighborhood of 0, and <Pi(0) = 0. A 
versal deformation 4(Ai, . . . , A&) of A is called miniversal if there is no versal 
deformation that has less than k parameters. 

For each (0,*) matrix T>, we denote by V(C) the space of all matrices 
obtained from T> by replacing the stars with complex numbers (as in ( 120]) ) 
and by T>{e) the parameter matrix obtained from T> by replacing each 
star with the parameter e^-. This means that 

P(C):= CE l3 , V(e):= Y, %^y> ( 21 ) 

in which every is the matrix unit (its (i,j) entry is 1 and the others are 
0) and 

X(£>)c{l,..., n }x{l,...,n} 
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is the set of indices of the stars in T>. 

We say that a deformation of A is simplest if it has the form A + T>(e) in 
which V is a (0,*) matrix. Definition 13. II of versality for a simplest deforma- 
tion can be reformulated in the spirit of Section [2] as follows. 

Definition 3.2. A simplest deformation A + T>{e) of a square matrix A is 
versal if there exists an n x n matrix S(X) and a neighborhood U c C nxn of 
n such that 

(i) the entries of S(X) are power series in variables x^-, i,j = l,...,n (they 
form the n x n matrix of unknowns X = [:%]), 

(ii) these series are convergent in U and <S(0 n ) = /„, 

(iii) S(E) T (A + e A + V(C) for all E e U. 

Since each square matrix is congruent to its canonical matrix, it suffices to 
construct miniversal deformations of canonical matrices (j5J). Their miniversal 
deformations are given in the following theorem, which is another form of 
Theorem 12.21 

Theorem 3.1 ([13]). Let A can be a canonical matrix (|2J) for congruence. A 
simplest miniversal deformation of A can can be taken in the form A can +T>(e), 
where V is the (0,*) matrix partitioned into blocks T>ij (as in (J6])) that are 
defined by (15]) - (j 170 in the notation (J7J). 

Remark 3.1. Each square matrix A can be represented uniquely as 

A = + ff, y is symmetric and ^ is skew- symmetric. (22) 

A congruence of A corresponds to a simultaneous congruence of and ^ . 
Thus, if A can is a canonical matrix for congruence given in Theorem 12.11 and 
A ca , Q = y ca ,n + ^can is its representation (|22|) . then (y ca , Q , ^cw) is a canonical 
pair for simultaneous congruence of pairs of symmetric and skew-symmetric 
matrices. The pairs (^ C an,^can) were described in [231 Theorem 1.2(a)]. 
Theorem 13. II admits to derive a miniversal deformation of (J^can, ^can); that 
is, to construct a normal form with minimal number of parameters to which 
all pairs (y , c to) that are close to (^ ca n,^can) and consist of symmetric and 
skew-symmetric matrices can be reduced by transformations 

<€) h> (S T yS, S T tfS), S is nonsingular, 

in which S smoothly depends on the entries of y and c io . All one has to 
do is to express v4 can + T>{e) as the sum of symmetric and skew-symmetric 
matrices. 
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4 A method for constructing miniversal de- 
formations 

In this section, we give a method for constructing simplest miniversal defor- 
mations; we use it in the proof of Theorem 13. 1[ 
The deformation 

n 

U{e):=A + £ EyEij, (23) 
*J=1 

in which Eij are the matrix units, is universal in the sense that every deforma- 
tion . . . of A has the form U((p(fii, . . . ,fJ>i)), in which (pij(fi\, . . . 
are power series that are convergent in a neighborhood of and <£>y(0) = 0. 
Hence every deformation B(/ix, . . . ,fii) in Definition 13.11 can be replaced by 
U(e), which gives the following lemma. 

Lemma 4.1. The following two conditions are equivalent for any deforma- 
tion A(Xi, . . . , Xk) of a matrix A: 

(i) The deformation «4.(Ai, . . . , A^) is versal. 

(ii) The deformation ( 123|) is equivalent to A(ipi(s), . . . ,(fk(e)) for some 
power series (fii(s) that are convergent in a neighborhood of and such 
that <pi(0) =0. 

If U is a subspace of a vector space V, then each set v + U with v e V is 
called an affine subspace parallel to U . 

The proof of Theorem 13.11 is based on the following lemma, which gives 
a method of constructing miniversal deformations. A constructive proof of 
this lemma is given in Theorem 18.11 

Lemma 4.2. Let A e C nxn and let V be a (0,*) matrix of size n x n. The 
following three statements are equivalent: 

(i) The deformation A + V(e) of A [see ( 12 ip ) is miniversal. 

(ii) The vector space C nxn decomposes into the direct sum 

C nxn = T(A) ®V(C) 
in which T(A) and T>(C) are defined in (fl8|) and (l2Tj) . 
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(iii) Each affine subspace ofC nxn parallel to T(A) intersects V(C) at exactly 
one point. 

Proof. Let us define the action of the group GL n (C) of nonsingular nxn 
matrices on the space <C nxn by 

A S :=S T AS, AeC nxn , SeGL n (C). (24) 

The orbit A GLn of A under this action consists of all matrices that are con- 
gruent to A. 

By (fT9j) . the space T(A) is the tangent space to the orbit A GLn at the 
point A. Hence T>(e) is transversal to the orbit A GLn at the point A if 

C nx " =T{A) +V(C) 

(see definitions in [31 § 29E] ; two subspaces of a vector space are called 
transversal if their sum is the whole space) . 

This proves the equivalence of (i) and (ii) since a transversal (of the 
minimal dimension) to the orbit is a (mini)versal deformation; see [21 Section 
1.6] or [32l Part V, Theorem 1.2]. The equivalence of (ii) and (iii) is obvious. 

□ 



Recall that the orbits of canonical matrices ([2]) under the action (1241) were 
also studied in [61 [H] . 

Corollary 4.1. A simplest miniversal deformation of A £ <C nxn can be con- 
structed as follows. Let T±,...,T r be a basis of the space T(A), and let 
Ei, ... , E n 2 be the basis of <C nxn consisting of all matrix units Eij. Removing 
from the sequence Ti, . . . ,T r ,Ei, . . . , E n 2 every matrix that is a linear combi- 
nation of the preceding matrices, we obtain a new basis T\, . . . , T r ,E ix , . . . , E ik 
of the space C nxn . By Lemma 4-2, the deformation 

A(e 1} ... ,e k ) = A + e x E h +■■■ + e k E ik 

is miniversal. 

For each M e <C mxm and iV e C nxn , define the vector space 
T(M, N) := {( S T M + NR , R T N + MS) \ S e C mxn , ReC nxm }. (25) 

n-by-m m-by-n 
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Lemma 4.3. Let A = A\ © • • • © A t be a block- diagonal matrix in which every 
Ai is UiXUi. Let V = [Ai] be a (0,*) matrix of the same size and partitioned 
into blocks conformably to the partition of A. Then A + T>{e) is a simplest 
miniversal deformation of A for congruence if and only if 

(i) each affine subspace of C" iXni parallel to T(AA (which is defined in 
ffTB"]) ) intersects T>u(C) at exactly one point, and 

(ii) each affine subspace of C n i xni ®<C niXn i parallel to T(Ai,Aj) (which is 
defined in f|25|) ) intersects Pjj(C) © Ai(C) at exactly one point. 

Proof. By Lemma l4T2T iii). A + T>(e) is a simplest miniversal deformation of A 
if and only if for each C e C nxn the affine subspace C + T(A) contains exactly 
one D € P(C); that is, for each C exactly one matrix in T>(C) has the form 

D = C + S T A + ASeV(C), SeC nxn . (26) 

Let us partition D, C, and S into blocks conformably to the partition of A. 
By (1261) . for each i we have At = Cu + S^Ai + A^Sa, and for all i and j such 
that i < j we have 





Aj 




Cu 


Cij 


+ 








A, 





+ 


A, 









A,. 




Cji 


Cjj_ 






S J, 







A 3 _ 







A K 





Thus, fl2"6"j) is equivalent to the conditions 

D u = C u + Sj l A + A l S ll tV vl (£) forUi<t (27) 

and 

(Ai, A,) = (r ; ,.r ;; ) + (.s / / .i, + ,i r s- / , sJ^+a.%) € ^(C)©%(C) (28) 

for 1 ^ % < j ' < i. Hence, for each C e C nxn there exists exactly one D e T> of 
the form (1261) if and only if 

(i') for each Cu e C niXrii there exists exactly one Ai e Ai of the form (J27J), 
and 

(ii') for each (Cji,Cij) e C n J x "* ©C ni *"j there exists exactly one (A'i; Ai) e 
Ai (C) © Ai (C) of the form ([28]) . 

□ 
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Corollary 4.2. In the notation of Lemma \4-3[ A + T>(e) is a miniversal 
deformation of A if and only if each submatrix of A + T>{e) of the form 



A J+ V 3J (e) 



with i < j 



is a miniversal deformation of A^ ©A,-. A similar reduction to the case of 
canonical forms for congruence with two direct summands was used in JE/ for 
the solution of the equation XA + AX T = 0. 



We are ready to prove Theorem 13.11 Let A can = Ai © A 2 © ••• ffi A t be the 
canonical matrix ([2]), and let V = [T>ij]l „- =1 be the (0,*) matrix constructed 
in Theorem 13.11 Each Ai has the form H n (X), or T n , or J n (0), and so there 
are 3 types of diagonal blocks V(Ai) = T>u and 6 types of pairs of off-diagonal 
blocks T>(Ai,Aj) = (T>ji,T>ij), i < j; they were defined in (!9l)- (|T71) . In the next 
3 sections, we prove that all blocks of T> satisfy the conditions (i) and (ii) of 
Lemma 14.31 



5 Diagonal blocks of V 

Let us verify that the diagonal blocks of T> defined in part (i) of Theorem 12.21 
satisfy the condition (i) of Lemma 14.31 

5.1 Diagonal blocks V(H n (X)) 

Due to Lemma I4.3( i). it suffices to prove that each 2n-by-2n matrix A = 

Hull, 

:1 can be reduced to exactly one matrix of the form Q by adding 





CT 
°21 







In 




I n 






S12 


CT 
_°12 


CT 
°22_ 




Jn(A) 





+ 


Jn(A) 




S21 


S22 



S^i J n (X) + Sfi + ^22 

S22 Jn(X) + ^(A)^!! Sj 2 + Jn(X)Si2 

in which S = [Sij]f - =1 is an arbitrary 2n-by-2n matrix. Taking S22 = -A12 and 
the other Sij = 0, we obtain a new matrix A with A12 = 0. To preserve A12, we 
hereafter must take S with Sj^ + S22 - 0. Therefore, we can add 5*^ J n (A) + S , 2i 
to the (new) A u , Sj 2 + J n (X)Si 2 to A 2 2, and -SnJ n (X) + J n (X)S n to A 2 \. 
Using these additions, we can reduce A to the form (Q on the strength of 
the following 3 lemmas. 
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Lemma 5.1. Adding SJ n (X) + S T with a fixed X and an arbitrary S, we can 
reduce each nxn matrix to exactly one matrix of the form 



i/A*±l, 
0> i/A = l, 
O v ifX = -l. 



(29) 



Proof. Let A = [a^] be an arbitrary nxn matrix. We will reduce it along its 
skew diagonals 




starting from the upper left corner; that is, in the following order: 

a u , (a 2 i,ai 2 ), (a 31 , a 22 , a 13 ), 

We reduce A by adding AA := SJ n (X) + S T in which S = [%] is any n 
matrix. For instance, if n - 4 then 



(30) 



x n 



Asn + + Sn As 12 + sii + s 2 i AS13 + s 12 + s 31 As^ + S13 + S41 

As 2 i + + S12 As 22 + S21 + S 22 As 2 3 + S 22 + S 32 As 2 4 + S 2 3 + S42 

Xs 31 + + si 3 As 32 + s 3 i + s 23 As 33 + s 32 + s 33 As 34 + s 33 + S43 

_A«4i + + S14 AS4 2 + S41 + S 2 4 AS43 + S4 2 + S34 AS44 + S43 + S44 



Case 1: X + ±1. We reduce A to by induction: Assume that the first t - 1 
skew diagonals of A in the sequence fl30|) are zero. To preserve them, we 
must and will take the first t - 1 skew diagonals of S equal to zero. If the t th 
skew diagonal of S is (x±, . . . ,x r ), then we can add 

(Xxi+x r , Xx2 + x r -i, Xx 3 + x r -2, Xx r + X\) (31) 

to the t th skew diagonal of A. Each vector (ci, . . . , c r ) e C r is represented in 
the form ( 13TI) since the corresponding system of linear equations 

Axi + x r = ci, Ax 2 + x r -\ = c 2 , . . . , Ax r + x\ = c r 
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has a nonzero determinant for all A + ±1. We make the t th skew diagonal of 
A equal to zero. 

Case 2: A = 1. We say that a vector (vi,Vz,..-,v r ) £ C r is symmet- 
ric if it is equal to (v r , . . . ,V2, Vi), and skew- symmetric if it is equal to 
(-IV, • • • , -t>2j Let us consider the equality 

(xi,x 2 ,. .. ,av) + (0,jfe,.-->2/r) = (ai,a 2 ,...,a r ) (32) 

in which x = (x±, . . . , x r ) is symmetric and y = (y2, ■ ■ ■ , y r ) is skew-symmetric. 
The following two statements hold: 

(a) If r is odd, then for each ai, . . . , a r there exist unique x and y satisfying 

(El. 



(b) If r is even, then for each ai, . . . , a r _i there exist unique a n 5, and y 
satisfying (|32|) . and for each a 2 , . . . ,a r there exist unique ai, x, and y 
satisfying (152)1 . 



Indeed, if r = 2k + 1, then ()32l takes the form 

(Xi, . . . ,X k ,X k+1 ,X k , ...,X 1 ) + (0,?/2, • • • , 2/fc+l, — 2/Jt+l, • • ■ ,-2/2) = («1, • • ■ ,02fc+l), 

and so it can be rewritten as follows: 



1 







1 


1 •• 








. 


1 




1 


1 




-1 


1 


-1 





X\ 
Xk+1 



2/2 



a 1 



02fc+l 



The matrix of this system is nonsingular since we can add the columns of the 
second vertical strip to the corresponding columns of the first vertical strip 
and reduce it to the form 



1 







1 1 


1 ■• 











1 1 




1 






-1 











-1 
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with nonsingular diagonal blocks. This proves (a) 
If r = 2k, then 0321) takes the form 



-Vk, 



(xi,. . . ,x k ,x k ,. . . ,xx) + (0,2/2, ■ • -,Vk,0, 
and so it can be rewritten as follows: 



1 









1 




1 •• 










. 




1 




1 




1 













• -1 


1 




.. 




1 




-1 





v-2 

Vk. 



-2/2) = (0i,...,tt2fc), 



a k+2 
12k 



The matrix of this system is 2k-by-(2k - 1) and can be reduced as follows. 
For i = 1, . . . ,k - 1, we add the i th column of the second vertical strip to the 
i th column of the first vertical strip or subtract it from the (i + l) st column 
of the first vertical strip and obtain 



1 









1 1 




1 •• 










. 




1 1 




1 




1 














• -1 






.• 









-1 





or 



1 














1 •• 










. 









1 




1 









•• 1 




■ -1 


1 




.- 




1 1 




-1 





The first matrix without the first row and the second matrix without the last 
row are nonsingular. This proves (b). 

Since A = 1, we can add A A = SJ n (l) + S T to A. The matrix S is an 
arbitrary of size n xn, write it in the form S = B + C in which 



„ S + S T , „ S-S T 

B := and C := 

2 2 

are its symmetric and skew-symmetric parts. Then 

SJ n (l) + S T = S + SJ n (0) + S T = 2B + (B + C) J n (0), 



(33) 
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and so we can add to A any matrix 

AA = 2B + (B + C)J n (0) (34) 

in which B = [bij] is symmetric and C = [cij] is skew-symmetric. 

We reduce A to the form V along the skew diagonals (130]) as follows. 
Taking b n = -an/2, we make the (1, 1) entry of A equal to zero. Reasoning 
by induction, wefixt€{l,...,n-l} and assume that 

• the first t - 1 skew diagonals of A have been reduced to the form V 
(that is, these diagonals coincide with the corresponding skew diagonals 
of some matrix of the form 0*) and these skew diagonals are uniquely 
determined by the initial matrix A; 

• if t ^ n and S preserves the first t-1 skew diagonals of A (i.e., the first 
t - 1 skew diagonals of (1341) are zero) then the first t-1 skew diagonals 
of B are zero. 

Let t < n. Then the t th skew diagonal of (I34p has the form 

(&i,6 2 ,--- A) + (0,c 2 ,...,c r ) (35) 

in which (61,62,... ,b r ) is an arbitrary symmetric vector (it is the t th skew 
diagonal of 2B) and (02, C3, . . . , c r ) is an arbitrary skew-symmetric vector (it 
is the (t - l) st skew diagonal of C). The statements (a) and (b) imply that 
we can make the t th skew diagonal of A as in 0^ by adding (1351) . Moreover, 
this skew diagonal is uniquely determined, and to preserve it the t th skew 
diagonal of B must be zero. 

For instance, if t = 2 ^ n, then we add (&i,&i) and reduce the second 
skew diagonal of A to the form (*,0) or (0,*). If t = 3 ^ n, then we add 
(61, 62, b\) + (0, C2, -C2) and make the third skew diagonal of A equal to 0. 

Let t > n. Let us take 5* in which the first t-1 skew diagonals are equal 
to 0. Then the t th skew diagonal of (I34"|) has the form 

(b ll b 2 ,... 1 b r ) + (ci,c 2 ,...,c r ) (36) 

in which (61, b^, ■ ■ ■ , b r ) is the t th skew diagonal of 2B is symmetric and 
(ci, C2, . . . , c r ) is the (£ - l) st skew diagonal of C without the last entry. 
Thus, (61, bit . ■ . , b r ) is any symmetric, c\ is arbitrary, and (02,03, ... ,c r ) is 
any skew-symmetric. Adding (1361) . we reduce the t th skew diagonal of A to 
0. 
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Case 3: A = -1. We can add SJ n (-l) + S T to A. Write S in the form B + C, 
in which B and C are defined in (I3"3"|) . Then 

= SJ n (-l) + S T = -S + SJ n (0) + S T = -2C + (B + C) J„(0). 

We reduce A to the form v along the skew diagonals (150]) as follows. The 
(1,1) entry of AA is 0; so we cannot change a u . Reasoning by induction, 
wefixte{l,...,n-l} and assume that 

• the first t - 1 skew diagonals of A have been reduced to the form v 
and these diagonals are uniquely determined by the initial matrix A; 

• if t ^ n and S preserves the first t — 1 skew diagonals of A (i.e., the first 
t - 1 skew diagonals of (j3"3j) are zero) then the first t - 1 skew diagonals 
of C are zero. 

If £ ^ n, then we can add to the t th skew diagonal of A any vector 



in which (ci, . . . ,q) is skew-symmetric (it is the t th skew diagonal of -2C) 
and (b 2 ,- ■ ■ ,b t ) is symmetric (it is the (t - l) st skew diagonal of B). We 
make the t th skew diagonal of A as in V . For instance, if i = 2 ^ n, then we 
add (ci, -ci) + (0, 62) and make the second skew diagonal of A equal to zero. 
If t = 3 < n, then we add (ci,0, -c\) + (0, 62,^2) and reduce the third skew 
diagonal of A to the form (*,0,0) or (0,0,*). 

Let t > n. Let us take S in which the first t -1 skew diagonals are equal 
to 0. Then we can add to the t th skew diagonal of A any vector 



in which (ci, . . . ,c r ) is skew-symmetric (it is the t th skew diagonal of -2(7), 
61 is arbitrary, and (62, . . . , b r -i) is symmetric (it is the (t-l) st skew diagonal 
of B without the first and the last elements). We make the t th skew diagonal 



Lemma 5.2. Adding J n (X)S + S T , we can reduce each nxn matrix to exactly 
one matrix of the form 



(ci,c 2 , . . . ,q) + (0,62, • • • 



bt) 



(ci,C 2 , ...,Cr) + (61,62, . . . 



of A equal to zero. 



□ 




(37) 
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Proof. By Lemma I5.1[ for each n x n matrix B there exists R such that 
M := B + RJ n (X) + R T has the form (JH]). Then 



M = B + J n (A) i? + R. 



Write 



Z:- 



Because ZJ n (X) T Z = J n (A), we have 

ZM T Z = ZB T Z + J n (\)(ZRZ) T + ZRZ. 

This ensures Lemma [5.21 since ZB T Z is arbitrary and ZM T Z is of the form 
(EZD- □ 

Lemma 5.3. Adding SJ n (X) - J n (X)S, we can reduce each n x n matrix to 
exactly one matrix of the form CK . 

Proof. Let A = [a^] be an arbitrary n x n matrix. Adding 



SJ n {\) ~ Jn(X)S = SJ n (0) - J n (0)S 

s 21 ~ S22 ~ Six s 23 ~~ s 12 



s 2n - 5l, n _l 



S n -l,l _ Sn-1,2 _ S n _2,l Sn-1,3 - S n -2,2 • • • Sn-l,n _ S n _2,n-1 
■Snl — S n 2 ~ Sn-1,1 S n 3 — Sn-1 5 2 • • • Snn ~ Sn-Y,n-Y 

0-0 - s nl - s n2 ... - S n ^i 



we reduce A along the diagonals 

Onlj (fln-1,1) flra2), («n-2,l, «n-l,2, fln3)i ••■) a ln 

to the form CK. 



□ 



5.2 Diagonal blocks P(r n ) 



Due to Lemma l4.3( i). it suffices to prove that each n x n matrix A can be 
reduced to exactly one matrix of the form ( fit)]) by adding AA := S T T n + T n S. 
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Write T n as the sum of its symmetric and skew-symmetric parts: T n = + 
Tn \ where 



1 n 



r 



(«) 



o 

o 1 

"0 





1 

-1 



and Yn^ 



if n is even, 



-1 



and rl -* 





.•• 

1 
-1 
1 



if n is odd. 



.1 0. 
Then the symmetric and skew-symmetric parts of AA are 

AA« = S T T n s) + T n s) S, AA^ = S T T n c) + T n c) S 

in which S = [sy] is any n x n matrix. 
Case 1: n is even. Then 

+ s nl + -Sn-i,i +0 ... s 2 i + 

+ S n i S n 2 + S„2 Sn-1,2 + Sn3 ... S22 + S nrl 
A/l^ = - S„_i 1 S„3 - S n _i 2 -S„-l,3 - S n _x,3 • • • S23 ~ S n _i » 



O + S21 



+ S22 



~S n -ln + S23 



S2n + S 2r . 



AA^ 



Snl ~ S n i _ Sn-l,l - S n2 S n -2,1 - Sn3 

Sn2 + -S n -1,2 + S n -l,2 Sn-2,2 + Sn-1,3 

Sn3 ~ Sn-2,1 - S?i-1,3 ~~ ^n-2,2 3n-2,3 ~ Sn-2,3 



■Snn + Sll _ Sn-l,n + S12 Sn-2,n + s 13 



11 "Snn 
-S12 + S n -l,n 
-S13 - S n -2,n 



-S\n + Sir, 



We reduce A = [ay] to the form V along its skew diagonals ( 130|) as 
follows. The (1,1) entry of AA = AA^ + AA^ is zero, and so the (1,1) 
entry of A is not changed. Reasoning by induction, we fix ( e {1,... ,n- 1} 
and assume that 

• the first t skew diagonals of A have been reduced to the form V and 
they are uniquely determined by the initial A; 
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• the addition of AA preserves the first t skew diagonals of A if and only 
if the first t -1 diagonals of S starting from the lower left diagonal 



n~t+2A •'• 



Sn,t 



are zero and its t th diagonal 

(Sn-t+1,1, S n -t-{-2,2, S n -t+3,3 ■ ■ • j S n _2,t-2j Sn-l,t-l) 5 n,t) 

is symmetric if £ is odd and skew-symmetric if £ is even. 
Write 

(Vi,V 2 , ... ,V t ) ■= ((-l)* _1 S n _ t+ l,lj- • • ,S n -2,t-2,-S n -l,t-l,S n j) ] 

this vector is symmetric for all £. 

The (t + l) st skew diagonal of AA^ is 

(0,V t ,V t -i,. . .,V2,Vi) + (v 1: v 2 , ■ ■ . ,V t -i,V t ,0). 



(38) 



If t is odd, then every symmetric vector of dimension t + 1 is represented in 
the form ( |38l) . If t is even, then (138j) without the first and the last elements is 
an arbitrary symmetric vector of dimension t - 1 and the first (and the last) 
element of (138]) is fully determined by the other elements. Since the (£ + l) st 
skew diagonal of AA^ is an arbitrary skew-symmetric vector of dimension 
t + 1, this means that the (t + l) st skew diagonal of A is reduced to zero if t is 
odd, and to the form (*, 0, . . . , 0) or (0, . . . , 0, *) if t is even. To preserve it, 
we hereafter must take those S in which the (t + l) st skew diagonal of AA^ 
is zero; this means that the (t + l) st diagonal of S is symmetric if t + 1 is odd 
and skew-symmetric if t + 1 is even. 

Thus, the first n skew diagonals in A have the form of the corresponding 
diagonals in V . 

The (n + l) st skew diagonal of AA^ has the form 



(v n ,V n -i,. ..,V 2 ) + (t>2, • • .,V n -i,V n ), 
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(compare with (I38p ) and every symmetric vector of dimension n- 1 is repre- 
sented in this form. Hence, the (n + l) st skew diagonal of AA is an arbitrary 
vector of dimension n-1 and we make the (n + l) st skew diagonal of A equal 
to zero. Analogously, we make its n + 2, n + 3, ... skew diagonals equal to 
zero and reduce A to the form v . 



Case 2: n is odd. Then 



AA^ 



S n l + S n i Sn-1,1 + s n2 S n _2,l + S„3 
Sn2 ~ Sn-1,1 ~ s n-l,2 ~~ Sn-1,2 S n -2,2 " S n -1,3 
S n 3 + «n-2,l _ S n _l 3 + S n _2,2 S n -2,3 + S n -2,3 



Sll ^nn 
Sin — Sn—l,n 
Sl3 + S n -2,n 



+ Su 



S n -l,n + s 12 



S n -2,n + Sis 



AA^ 



"0 + S n i + -S^i + 

- S n i S„2 - S n 2 S n -l,2 ~ S n s 
+ Sn-1,1 S„3 + S n _i 9 ~S n _i 3 + S n _i 3 



Sin Sin 

-S21 + 

-S22 _ S nn 
-S23 + S„_i , 



+ S 2 1 



+ S 2 2 



S n -l,n + s 23 



-S2n + S2n 



We reduce A along its skew diagonals f l3"U|) . The first skew diagonal of AA( S "> 
is arbitrary; we make the first entry of A equal to zero. 
Let t < n. Assume that 

• the first t skew diagonals of A have been reduced to the form 0^ and 
they are uniquely determined by the initial A; 

• the addition of A A preserves these diagonals if and only if the first t-1 
diagonals of S, starting from the lower left diagonal, are zero and the t th 
diagonal (ui, . . . , u t ) of S is symmetric if t is even and skew-symmetric 
if t is odd. 

Then the vector 

(vi,v 2 ,...,v t ) := ((-ly^ui, , . . . ,U t -2,-U t -l,U t ) 

is skew-symmetric for all t. 

The (t + l) st skew diagonal of AA^ is 



(0,v t ,v t -i,. . .,v 2 ,vi) - (vi,v 2 , . . . ,v t -i,v t ,0). 



(39) 
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If t is even, then every skew-symmetric vector of dimension t+1 is represented 
in the form (1391) . If t is odd, then (I39p without the first and the last elements 
is an arbitrary skew-symmetric vector of dimension t - 1 and the first (and 
the last) element of (1391 is fully determined by the other elements. Since the 
(t + l) st skew diagonal of AA^ is an arbitrary symmetric vector of dimension 
t + 1, this means that the (t + l) st skew diagonal of A reduces to if t is even, 
and to the form (*, 0, . . . , 0) or (0, . . . , 0, *) if t is odd. To preserve it, we 
hereafter must take those S in which the (t + l) st skew diagonal of AA^ is 
zero; this means that the (t + l) st diagonal of S is symmetric if t + 1 is even 
and skew-symmetric if t + 1 is odd. 

The first n skew diagonals in A have the form of the corresponding diag- 
onals in 0*. The (n + l) st skew diagonal in AA^ has the form 

(v n ,v n -i,. .. ,v 2 ) - (v 2 , ■ ■ .,V n -i,V n ) 

(compare with (139]) ) and every skew-symmetric vector is represented in this 
form. Hence, the (n + l) st skew diagonal of AA is an arbitrary vector of 
dimension n - 1 and we make the (n + l) st skew diagonal of A equal to zero. 
Analogously, we make its n + 2, n + 3, . . . skew diagonals equal to zero and 
reduce A to the form 0*. 



5.3 Diagonal blocks P(J n (0)) 



Due to Lemma I4.3( i) , it suffices to prove that each n x n matrix A can be 
reduced to exactly one matrix of the form (fTTj) by adding 



AA : = S T J n (0) + J n (0)S 



O + S21 
O + S31 



Su + S22 

S12 + S32 



521 + S23 

522 + S33 



+ S n i Si )Tl _i + S n 2 S2, n -1 + S n 3 
.0 + Si n + S 2n + 



Sn-1,2 + S3r 



Sn—\,n—\ S nn 
S n -l,n + . 



(40) 



in which S = [s^] is any n x n matrix. Thus, 



AA = [by], 



j%j - 



8j-l,i + s i+l,j ( s 0i '— 0, Sn+l,j 0), 



and so all entries of AA have the form Ski + si 



+i,fe+i- 



The transitive closure of 



(k, I) ~ (/ + !, k + 1) is an equivalence relation on the set {1, . . . , n} x {1, . . . , n). 
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Represent AA as the sum 

AA = B ni + Bn-i tl + --- + B n + B i2 + --- + B ln 

of matrices that correspond to the equivalence classes and are defined as 
follows. Each B\j (j = 1,2, . . . , n) is obtained from AA by replacing with 
all of its entries except for 

Sij + Sj+1,2; s j+l,2 + s 3,j+2, 53^+2 + 5^+3,4, ... (41) 

and each Bn (i = 2, 3, . . . , n) is obtained from AA by replacing with all of 
its entries except for 

O + Sji, Sji + S2,i+1) 52,i+l + Si+2,3, 5j+2,3 + S4,i+3> 84^+3+81+4,5, ...] (42) 

the pairs of indices in ( 14 ip and in (j4*2]) are equivalent: 

(l,j)~(j + l,2)~(3,j + 2)~(j + 3,4)~... 

and 

(z,l) ~(2,i + l) ~ (i + 2,3) ~ (4,i + 3) ~ (i + 4,5) ~ .... 

We call the entries (|4ip and f )42|) the main entries of and 5ji (i > 1). 
The matrices B n \, . . . , Bu,Bi2, ... , B\ n have no common s^. 

An arbitrary sequence of complex numbers can be represented in the form 
( I4ip . The entries (|42p are linearly dependent only if the last entry in this 
sequence has the form Sk n + (see (HUl) ); then (k,n) = (2p,i - 1 + 2p) for 
some p, and so i = n + 1 - 2p. Thus the following sequences fT42|) are linearly 
dependent: 

+ S n _i,i, S n _i i i+S2n) s 2n + 0; 
+ S n _3,l, 5 n _3 5 i + 52,71-2, 52,n-2 + Sn-1,3, + S4 n , S4 n + 0; ... 

One of the main entries of each of the matrices B n -i,i, B n -3 t i, B n ^ t \, ... is 
the linear combination of the other main entries of this matrix, which are 
arbitrary. The main entries of the other matrices Bn and Bij are arbitrary. 
Adding B a and By, we reduce A to the form (K. 

6 Off-diagonal blocks of V that correspond to 
summands of A can of the same type 

Now we verify the condition (ii) of Lemma 14.31 for those off-diagonal blocks 
of V (defined in Theorem l2.2( ii)) whose horizontal and vertical strips contain 
summands of A can of the same type. 
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6.1 Pairs of blocks V(H m (X), H n (/i)) 

Due to Lemma [4.3( ii). it suffices to prove that each pair (B,A) of 2n x 2m 
and 2m x 2n matrices can be reduced to exactly one pair of the form ([12]) by 
adding 



(S T H m (X) + H n (fi)R, R T HM + H m (X)S), S e C 2mx2r \ R e C 2n * 2m . 

Taking R = and S = -If m (A) _1 A, we reduce A to 0. To preserve ^4 = 
we hereafter must take S and R such that R T H n (n) + H m (X)S = 0; that is, 

S = -H m (\y 1 R T HM, 

and so we can add 

AB := -HM T RH m {X)- T H m (X) + F n (^)i? 



to B. 



Write P := -H n (/j,) T R, then i2 = -H n (fi)- T P and 
AP = P 



Jm(A) 

Jm(X)- T 



Jn(v)- T 
J„(//) 



P. 



(43) 



Let us partition B, AB, and P into nx m blocks: 



B = 



B 2 ± B 22 



AB 



AB n AB 12 
AB 21 AB 22 



P 



X Y 
Z T 



By m, 



AB ll =XJ m (X)-JM- T X, 
AB 21 = ZJ rn (X)-JMZ, 



AB 12 = YJ m (Xy T -U^r T Y, 
AB 22 = TJ m (X)- T -JMT. 



These equalities show that we can reduce each block Bij separately by 
adding ABij. 

(i) Fist we reduce B u by adding ABn = XJ m {X) - J n (/i)~ T X. 
If A + /Li -1 , then AS n is an arbitrary n x m matrix since J m (X) and 
J n (/x)" T have no common eigenvalues; we make B n = 0. 
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Let A = fT 1 . Then 



Jn{lA 



-T 



-ll- 2 Ii- 1 



II 3 -fl 2 II 1 



II- 3 -II- 2 II- 1 



A 

-A 2 A 
A 3 -A 2 A 



A 3 -A 2 A 



Adding 
ABn = XJ m (0) - ( J n (ii)- T 

Xu . . . Xi :m -i 
X 2 l ••• X 2 , m -1 
X31 . . . £3,m-l 



\In)X 



+ A 2 



. 


. ' 




' . 


. 






-A 3 


. 


. 


x 2 i . 


• ^2m 









we reduce Bu to the form N along the skew diagonals starting from the 
upper left corner. 

(ii) Let us reduce B 12 by adding AB U = YJ m (X)- T - J n (ii)- T Y. 
If A + /J,, then AB12 is arbitrary; we make B12 = 0. 
Let A = ii. Write F := J n (0). Since 



we have 



^(A)- 1 = (A/ n + FY 1 = X- 1 ^ - \- 2 F + A- 3 F 2 - 



AB 12 = Y(J m (X)- T - A _1 / m ) - ( J n {\y T - \- x I n )Y 

... 
Vn ••• 2/im 

2/21 ••• V2m 



= -\- 



2/12 • 


• 2/lm 


0" 


2/22 • 


• 2/2m 





2/32 • 


• 2/3m 






+ A- 



+ ■ 



We reduce B± 2 to the form CK along its diagonals starting from the upper 
right corner. 
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(iii) Let us reduce B 21 by adding AB 2 \ = ZJ m (X) - J n (fi)Z. 
If A + fi, then AB 2 i is arbitrary; we make B 2 i = 0. 
If A = fi, then 

AB 21 = Z(J m (\) - \I m ) - (J n (\) - \I n )Z 

Zu ... z lm -i z 2 \ ... z 2r 



z n -i t i . . 
z nl 



%n— l,m— 1 
■£71,771— 1 



Znl 





. 



we reduce i?i2 to the form CK along its diagonals starting from the lover left 
corner. 

(iv) Finally, reduce B 22 by adding AB 22 = TJ m (\)~ T - J n (fj,)T. 
If A + fi^ 1 , then AB 22 is arbitrary; we make B 22 = 0. 
If A = fi^ 1 , then 

AB 22 = T{J rn {\Y T - fil m ) - (J n (fj) - MT 



tlm 



• • • tn—l,m 

• • • trim, 








0" 




'hi . 


^2m 


tn-l,m 










tnl ■ 


tnm 


trim 





0_ 




. o • 


. 



we reduce B 22 to the form N along its skew diagonals starting from the lover 
right corner. 



6.2 Pairs of blocks V{T m ,T n ) 

Due to Lemma l4.3( ii). it suffices to prove that each pair (B,A) of n x m and 
mxn matrices can be reduced to exactly one pair of the form (|T3|) by adding 

(S T T m + T n R, R T T n + T m S), S e C mxn , R e C nxm . 

Taking R = and = -T^A, we reduce ^4 to 0. To preserve A = 
we hereafter must take S and such that R T T n + T m S = 0; that is, S = 
-T^R T T n , and so we can add 

AB := -T^RT^[T m + T n R 

to B. 



28 



Write P := r%R, then 

ab = -P(r-Jr m ) + (r n r n T )p. 

Since 

"0 



we have 



-1 .•■ 
1 1 
-1 -1 
1 1 



, r^ = (-i) 



n+l 



-1 -1 -1 -1 

1 1 1 
-1 -1 



T-jT m = (-l) 



m+l 



and 



r„r n T = (-ir +1 

If n - m is odd, then 

(-l) n+1 AB = 2P + P 



1 2 
1 





-2 1 



2 * 

■-. 

\ 2 





-2 1 







(44) 



0' 



-2 

* -2 



and we reduce B to along its skew diagonals starting from the upper left 
corner. 

If m - n is even, then 



(-l) n+1 AB = -P 



2 *' 

\ 

\ 2 







-2 



0" 



-2 



and we reduce B to the form N along its skew diagonals starting from the 
upper left corner. 
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6.3 Pairs of blocks X>( J m (0), J n (0)) with m ^ n. 



Due to Lemma l4.3( ii). it suffices to prove that each pair (B, A) of n x m and 
m x n matrices with m 2 n can be reduced to exactly one pair of the form 
f fT4|) by adding the matrices 

AA = R T J n (0) + J m (0)S, AB T = J m (0) T S + R T J n (0) T 

to A and B T (it is convenient for us to reduce the transpose of B). 
Write S = [sy] and R T = [-%] (they are m-by-n). Then 



AA 



S21-0 



■S22 - rn 



■§23 ~~ r 12 



s 2n - r l,n-l 



Sjn-1,1 _ s m-l,2 ~ r m-2,l Sm-1,3 ~~ r m-2,2 ■ ■ ■ ^m-l,n ~ r m-2,n-l 
■5ml — "5 m 2 — '"m— 1,1 ^m3 — '"m— 1,2 ■ • ■ Smn ~ Tm—X,n—\ 

.0-0 0-r ml 0-r m2 ... - r m „_i 



and 



A£? T = 



0-r 12 

«11 - ^22 



0-na 

«12 - ^23 



- r ln 0-0 

Sl,n-1 ~ r 2n Si n ~ 



Sm-2,1 ~~ r m-l,2 Sm-2,2 ~ ?"m-l,3 
^m— 1,1 — fm2 Sm—1,2 ~ ^m3 



Sm— 2,n— 1 ^m— l,n ^m-2,n 
■^m— l,n— 1 — '"mn ^m— l,n — 0. 



Adding AA, we can reduce A to the form 0^; for definiteness, we take A in 
the form 

OjTl— 1,71 



l :-- 



(45) 



To preserve this form, we hereafter must take 
Write 



( r 00) r 01) • • • > r 0,n-l) : ~ ( s ll) S12, • • • , Sin)) 



then 



AS 2 



- r 12 - n 3 

r - ^"22 »"01 - ^23 

- r 32 rn - r 33 

- r 42 r 2i - r 43 



- r ln 0-0 

r 0,n-2 ~ r 2n r 0,n-l ~ 

?"l,n-2 _ f3n r l,n-l ~ 

^2,n-2 _ T in T 2, n -l _ 



- T m 2 r m _2,l ~ ^3 • • • r m-2,n-2 _ r mn r m-2,n-l ~ 
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If Tij and r^ji belong to the same diagonal of AB T , then % - j = i' - j'. 
Hence, the diagonals of AB T have no common r^, and so we can reduce the 
diagonals of B T independently. 

The first n diagonals of AB T starting from the upper right corner are 

0, ( ), (-n,n-i, r 0tn -2-r 2n , ri, n _i), 

( _ Tl,n-2) r 0,n-3 ~ r 2,n-l, T\,n-1 ~ r 3n, ^2,n-l), 
( _ ^l,n-3) r 0,n-4 _ T 2,n-2 5 r l,n-3 _ r 3,n-l 5 ?™2,n-2 _ ^4n, ^3,ra-l)) • • • 

(we underline linearly dependent entries in each diagonal), adding them we 
make the first n diagonals of B T as in CK . 
The (n + l) st diagonal of AB T is 

(r o - r 22 , r n - r 33 , . . . , r n _ 2 ,n-2 - r nn ) if m = n, 

(r o - r 22 , r n -r 33 , . . . , r n _ 2>n _ 2 - r nn , r n _i, n -i) if ra > n. 

Adding it, we make the (n + l) st diagonal of S T equal to zero. 
If m > n + 1, then the (n + 2) nd , . . . , m th diagonals of AS T are 

(-r 32 , r 21 - r 43 , r 32 - r 54 , . . . , r^j), 



(, '"m— n+1,2) '"m— n,l ^m-n+2,3) n+1,2 ^m-n+3,4i ••■ > '"m— 2,n— lj- 

Each of these diagonals contains n elements. If n is even, then the length 
of each diagonal is even and its elements are linearly independent; we make 
the corresponding diagonals of B T equal to zero. If n is odd, then the length 
of each diagonal is odd and the set of its odd-numbered elements is linearly 
dependent; we make all elements of the corresponding diagonals of B T equal 
to zero except for their last elements (they correspond to the stars of V n m 
defined in (j3j)). 

It remains to reduce the last n-1 diagonals of B T (the last n-2 diagonals 
if m = n). The corresponding diagonals of AB T are 

_r m2) 

( _r m-l,2) r m-2,l ~ r m3) 5 
m-2,2) ?"ro-3,l _ r m-l,3, r m-2,2 - T m 4), 
(~?Vt-3,2, T m-4,1 _ T m -2, 3 , T m -Z t 2 - r m _i f 4, T m _ 2 ,3 - r m s), 



^m-n+3,2; ^m-n+2,1 ^m-n+4,3) ■ • • ) ^m-2,n-3 ^m,n— l)j 
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and, only if m > n, 

( — ^?ra-n+2,2 > '"m— n+1,1 — ^m-n+3,3) • ■ • j ^771—2,71—2 — ^mn)- 

Adding these diagonals, we make the corresponding diagonals of _B T equal 
to zero. To preserve the zero diagonals, we hereafter must take r m 2 = rw = 
r TO e = • •• = and arbitrary r ml , r m3 , r m5 , .... 

Recall that A has the form defined in f )45|) . Since r m i, r m3 , r m5 , . . . are 
arbitrary, we can reduce A to the form 

O771— l,n 

* * - 

by adding AA; these additions preserve the already reduced B. 
If m = n, then we can alternatively reduce A to the form 








.. 


. 




.. 


. 





. 


. 




.. 


• o. 



preserving the form (K of B. 

7 Off-diagonal blocks of V that correspond to 
summands of A can of distinct types 

Finally, we verify the condition (ii) of Lemma H~3l for those off-diagonal blocks 
of V (defined in Theorem l2.2( iii)) whose horizontal and vertical strips contain 
summands of A can of different types. 

7.1 Pairs of blocks V(H m (X) : T n ) 

Due to Lemma l4.3( ii). it suffices to prove that each pair (B,A) of n x 2m 
and 2m x n matrices can be reduced to exactly one pair of the form (j!5p by 
adding 

(S T H m (X) + T n R, R T T n + H m (X)S), SeC 2m * n , RtC nx2m . 
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Taking R = and S = -H m (X) 1 A 1 we reduce A to 0. To preserve ^4 = 0, 
we hereafter must take 5" and R such that R T T n + H m (X)S = 0; that is, 

S = -H m (\y l R T T n . 

Hence, we can add 

AB = T n R - TlRH m (X)- T H m (X) 
to B. Write P = T^R, then 

AB = T n r n T P - P ( J m (A) © J m (A)- T ) 
Divide B and P into two blocks of size nxm: 

B = [M N], P=[UV]. 
We can add to M and iV the matrices 

am := r n r~ T u - uj m (\), Aiv : = r n r; T y - vj m (xy T . 

If A + then by ([iljl the eigenvalues of T n T~ T and the eigenvalues 

of J m (X) and J m (A)" T are distinct, and we make M = N = 0. 
If A = (-1)" +1 then 



AM = (-1)' 



"0 


0" 




"0 


1 


0" 


2 




17-17 







••. 1 


* 


2 0_ 




_0 




0_ 


'0 


0" 




"0 




0" 


2 




V + V 


1 









2 








1 



AiV= (-l) r 



We reduce M to the form 0*^ along its skew diagonals starting from the upper 
left corner, and iV to the form CK along its diagonals starting from the upper 
right corner. 
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7.2 Pairs of blocks V(H m (X), J n {0)) 

Due to Lemma l4.3( ii). it suffices to prove that each pair (B,A) of n x 2m 
and 2m x n matrices can be reduced to exactly one pair of the form ffT6l) by 
adding 

(S T H m (X) + J n (0)R, R T J n (0) + H m (X)S), S e C 2mxn , R e C n * 2m . 

Taking R = and S = -if m (A)" 1 A, we reduce A to 0. To preserve A = 
we hereafter must take 5" and R such that R T J n (0) + H m (X)S = 0; that is, 

S = -H m (\y 1 R T J n (0). 

Hence we can add 

AB :=J n (0)R - J„(0) T J R// m (A)- T // m (A) 
=J n (0)R - J n {Q) T R(j m {X) © J m (A)- T ) 

to B. 

Divide B and R into two blocks of size n xm: 

B = [MN], R = [UV]. 
We can add to M and the matrices 

am ■.= j n (o)u - j n (ofuj m (x), an ■.= j n (o)v - j n (ofv j m (xy 7 '. 

We reduce M as follows. Let (ui,u 2 , ■ ■ ■ ,u n ) T be the first column of U. 
Then we can add to the first column b\ of M the vector 

Abi :=(w 2 , . . . , u n ,0) T - X(0,Ux, u n -i) T 

Jo ifn = l, 

\(u 2 , % - Awi, w 4 - Xu 2 , ...,u n - Xu n - 2 , -Aw n _i) T if n > 1. 

The elements of this vector are linearly independent if n is even, and they 
are linearly dependent if n is odd. We reduce b\ to zero if n is even, and 
to the form (*,0, . . . ,0) T or (0, ... ,0, *) T if n is odd. Then we successively 
reduce the other columns transforming M to if n is even and to the form 
Onm if n is odd. 

We reduce in the same way starting from the last column. 
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7.3 Pairs of blocks V(T m , J n (0)) 



Due to Lemma l4.3( ii). it suffices to prove that each pair (B,A) of n x m and 
m x n matrices can be reduced to exactly one pair of the form (|T7|) by adding 



(S T T m + J n (0)R, R T J n (0) + V m S), S e C mx ", i? 6 c nxm . 

Taking R = and 5 = -I^A, we reduce A to 0. To preserve A = 
we hereafter must take 5 and R such that R T J n (0) + T m S = 0; that is, 
S = -T^R T J„(0). Hence, we can add 



AS : = J n (0)R - J n (0) T RT-jT r 



?"21 • 


• r 2m 






. 


. 



-(-1) 



m+1 





^11 







r n -i,i 





'1 


2 


* 






1 • 










. 2 









1 



to We move along the columns of B starting from the first column and 
reduce B to if n is even and to 0* if n is odd. 



8 Appendix: A transformation that reduces 
a matrix to its miniversal deformation 

In this section, we fix an n x n complex matrix A and a (0,*) matrix T> of 
the same size such that 

C nxn = T(A) +V(C), (46) 
in which (see (JTHD and flST}) 

T(A) = {C T A + AC\CeC nxn }, V(C) = ® CE lJ} 

and all are the matrix units. We prove that the deformation A + V{e) of 
A defined in ( )2T|) is miniversal. To this end, we construct an n x n matrix 
S(X) satisfying the conditions (i)-(iii) of Definition 13.21 
For each P - [pij] e C nxn , we write 

\\p\\ ■■= \/El^h 1^1^ : = . / E l^l 2 - 

V (iJW>) 
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Note that 

\\aP + bQ\\^\a\\\P\\ + \b\\\Q\\, \\PQ\\$\\P\\\\Q\\ 

for all a, b e C and P, Q e C nxn ; see [23 Section 5.6]. 

For every n x n matrix unit E^, we fix F^ e <C nxn such that 

Eij + FjjA + AFij € V(C) (47) 

(Fy exists by flU); we take = n if E^ e V(C). Write 

a:=\\A\l /:=EII^II- ( 4 8) 

For each n xn matrix E, we construct a sequence 

M x :=E, M 2 , M 3) ... (49) 

of T2, x n matrices as follows: if M k = [wy ] has been constructed, then M^+i 
is defined by 

A + M k+l := (/ n + C fc ) T (A + M k )(I n + C fc ) (50) 



C fe (51) 



in which 

In this section, we prove the following theorem. 

Theorem 8.1. Given A e C nxn and a (0,*) matrix V of the same size that 
satisfy ( I46p . Fix e e R suc/i t/iat 

0<^< TT7 "TT7 (see©) (52) 

max{/(a + l)(/ + 2),3} V ^ 1 ; 

and define the neighborhood 

U:= {EeC nxn \\\E\\ < e 5 } 
of n . Then for each matrix E e U, the infinite product 

S(E):=(I n + C 1 )(I n + C 2 )(I n + C 3 )- (seem) (53) 
is convergent, 

A + D:=S(E) T (A + E)S(E)eA + V(C), (54) 
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and 

\\S(E)-I n \\ <-l + (l+e)(l + e 3 )(l+e 5 )---, \\D\\^e 3 . (55) 

The matrix S(E) is a function of the entries of E; replacing them by un- 
knowns obtain a matrix S(X) that satisfies the conditions (i)-(iii) of 
Definition EOl 

The proof of Theorem 18.11 is based on two lemmas. 

Lemma 8.1. Let e e M ; < £ < 1/3, and let the sequence of real numbers 

Si, n, 6 2 , t 2 , S3, r 3 , ... (56) 

be defined by induction: 

5 1 = T 1 =e 5 , 8 i+1 =£~ 1 6 i Ti, T i+1 =T i + S~ 1 S i . 

Then 

0<Si<e 2i , 0<Ti<e 3 for all 1 = 1,2,... (57) 

Proof. Reasoning by induction, we assume that the inequalities fl57|) hold for 
i = 1, . . . , k. Then they hold for i = k + 1 since 

S k+ i = e-%r k < e - W = 

and 

T k +i = n + e^Sk = r fe _i + e _1 4-i + s~ l 5 k = ••• = n + e~ 1 {5 1 + S 2 + • •• + 5 k ) 
<e 5 + e~ x (e 5 + e~ 1 e 5 s 5 + e 6 + e 8 + e 10 + •••) 

= £ 5 + £ 4 + £ 8 + £ 5^ + £ 2 + £ 4 + ..^ =£ 5 +£ 4 + £ 8 + £ 5 J ^ _ £ 2) 
< 5 5 + ^4 + £ 8 + 2£ 5 < £ 4 + £ 8 + £ A < 3^4 < £ 3 _ 

□ 

Lemma 8.2. Lei e e K satisfy (|52|) and Zei fceN. Assume that the matrix 
M k = [m|. ] /rom (jl9]l satisfies 

\\M k \\v<5 k , \\M k \\<r k (see ([56])). (58) 

T/ien 

||M fe+1 || 2? <4 + i, ||M fc+ i|| <r fc+1 (59) 

and 

iCfcl^e" 1 ^ (seefloID). (60) 
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Proof. By (|37j) . 

E^^i + Z^F^A + Y i mfAF ij e V(C), 

i,j i,j hj 

and so 

M fc + CjA + AC fe eP(C). (61) 

If e 1{V), then e D(C) and = by the definition of Fy. If 
(i,j)tI(V), then | 

< ^* by the first inequality in ([58]). The inequality 

( 160]) holds because 

IICfcN £ K-toll < £ 5 fc ||F ii ||=4/<4£- 1 - 

By 05DJ and (EH}, 

M k+1 = M k + Cl{A + M k ) + {A + M k )C k + Cl{A + M k )C k , (62) 
||M fc+1 || ^ \\M k \\ +2||Cy(||A|| + IMfell) + ||C fe ||||^ + M fc ||||C7 fc || 
<r k + 28 k f(a + T k ) + 5 k f(a + r k )S k f 
= r k + 5 k f(a + T k )(2 + 5 k f) 
<r k + S k f(a + 1)(2 + /) < r k + SkS' 1 = r k+1 . 

By dSH) and §2$, 

\\M k+1 \\ v = \\ClM k + M k C k + C T k (A + M k )C k \\ 
^2||C7 fe ||||M fc || + ||C fc || 2 (||A|| + ||M fc ||) 
<25 k fr k + (S k f) 2 (a + T k ) 
<8 k fr k (2 + f(a + l)) 

< 5 k r k f(2(a + 1) + f(a + 1)) < 5 k T k s^ = 5 k+1 , 

which proves (159]) . □ 

Proof of TheoremWJl Since M x = E eU, ||Mi|| < e 5 = 5 X = n. Hence, the 
inequalities ( 158]) hold for fc = 1. Reasoning by induction and using Lemma 
E2 we get 

||M < || 37 <<y ij tMil<T U HCil^e- 1 ^ i = l,2,..., 
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and by (1571) 

II ^1 1 + I C*2 1 + I C3 I +•••<£ 1 (5 1 + 5 2 + 6 3 + •••) 
< e'V + e 4 + e 6 + ■■■)= e(l + e 2 + e A + •■•) 
= e/(l - e 2 ) = 1/ie- 1 - e) < 1/(3 - 3- 1 ). 

The infinite product (1531) converges to some matrix due to [331 Theorem 
4] (which generalizes [251 Theorem 15.14]). By (T3U]) and (15 ip . the entries of 
each Ci are polynomials in the entries of E. Thus, the entries of each 

S k {E) ■.= (4 + d)(/ n + C 2 )-(4 + C fc ), fc = 1,2, ... , 

are polynomials in the entries of E. Since Sk(E) -> S(E), the Weierstrass 
theorem on uniformly convergent sequences of analytic functions [281 Theo- 
rem 15.8] ensures that the entries of S(E) are holomorphic functions in the 
entries of M. 

The inclusion flM} holds since A + M; -» S(£) T (A + and IM;^ < 

<5i ->• as i 00. 

The inequalities (155]) hold since for each k e N we have 

||<S fe (£) - 41 = I (I n + d)(4 + C 2 )-(4 + C fc ) - 4|| 

^£liaii + E iaiiic,i + - 

$-l + (l + \\ Cl \\)(l + \\C 2 \\)(l + \\C 3 \\)- 
< -1 + (1 +^ 1 5i)(l +s- 1 5 2 )(l +e- 1 5 3 )-- 
<-l + (l+e)(l+e 3 )(l+e 5 )- (by (JSTJ) 

and 

Mi^D, \\Mi\\ ^ n < £ 3 . 
If £ = n then all M; = Q = 0„, and so 5(0„) = 4- □ 
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